This work presents an analytic treatment for photon diffusion in a homogeneous medium bounded externally or internally by an infinitely long circular cylindrical applicator. Focusing initially on the steady-state condition, the photon diffusion in these two geometries is solved in cylindrical coordinates by using modified Bessel functions and by applying the extrapolated boundary condition. For large cylinder diameter, the analytic solutions may be simplified to a format employing the physical source and its image source with respect to a semi-infinite geometry and a radius-dependent term to account for the shape and dimension of the cylinder. The analytic solutions and their approximations are evaluated numerically to demonstrate qualitatively the effect of the applicator curvature-either concave or convex-and the radius on the photon fluence rate as a function of the source-detector distance, in comparison with that in the semi-infinite geometry. This work is subjected to quantitative examination in a coming second part and possible extension to time-resolved analysis.
INTRODUCTION
Using near-infrared (NIR) light to image large or deep tissue volumes non-invasively has largely been based on transport modeling with the diffusion approximation to the radiative transport equation [1] . Non-invasive diffuse optical imaging is always involved with some kind of applicator-tissue interface or air-tissue interface, because the light has to be delivered and detected at the surface of the tissue. For any specific applicator or imaging geometry, the analytic model predicting the photon fluence rate to be measured at the applicator-tissue interface dictates the accuracy of calibrating the system using a known homogeneous medium and recovering unknown optical properties of a heterogeneous medium. The analytic solutions to photon diffusion in an infinite homogeneous medium are the least complicated approach, and are solved straightforwardly in spherical coordinates. For a homogeneous medium bounded by an infinite plane edge, which conventionally is referred to as the semiinfinite geometry, the analytic solution to photon diffusion is also well-studied [2] and has been applied widely to analyze raw data measured from surface tissue applicators and for image reconstruction.
When NIR light diffusion is utilized for imaging of the breast, neonatal brain, joints, rodents, etc., the geometry of the applicator often has a planar or concave (with respect to the direction of source illumination) boundary. When a medium is enclosed by a ring-shaped applicator, the photon diffusion within the medium has been modeled as in an infinite medium for a ring applicator of considerable size [3] . For this type of ring applicator, the photon intensity measured at a site on the applicator interface and 180°to the source may resemble that measured in an infinite medium; however, the photon intensity measured at a site on the applicator interface but closer to the source should resemble more that measured in a semi-infinite medium. This inconsistency implies the inaccuracy of modeling the photon diffusion for a ring applicator based on either infinite or semi-infinite geometry. Accurate treatment of the circular concave boundary, as for a ring applicator, requires analysis in cylindrical coordinates. The model of photon diffusion in a medium bounded externally by a circular cylindrical applicator has been investigated previously in several elegant studies. Arridge et al. [4] used a boundary condition of zero fluence at the applicator interface to derive the timedomain and frequency-domain solutions for finite and infinite cylinders using Bessel functions and modified Bessel functions. The more accurate extrapolated boundary condition [5, 6] was applied to similar concave applicator geometry by Pogue and Patterson [7] for a finite cylinder and Sassaroli et al. [8] for an infinite cylinder to express the time-domain solutions by use of Bessel functions. These studies provided important insight into photon diffusion in a medium bounded by a concave applicator, which mostly applies to diffuse optical imaging of the breast. Sassaroli et al. [8] also studied the effect of a concave boundary with diameters of 30-50 mm, in comparison with the semi-infinite plan boundary in the perspective of an inverse problem. The time-domain results for a concave applicator have been applied to the frequency domain by Fourier transformation as in [7] , and can be extended to the steady state by temporal integration.
Recently work by our group [9, 10] as well as others [11, 12] has investigated different aspects of applying diffuse optical tomography to imaging internal organs such as the prostate using an endo-rectal probe. This type of imaging geometry requires a convex-shaped applicator. The analytic model of photon diffusion in compliance with such convex geometry, simplified by a diffusive medium bounded internally by a cylindrical applicator, has not been derived previously. Accurate modeling of photon propagation in a specific convex geometry could certainly be rendered by Monte Carlo methods [8] . The finiteelement solution of photon diffusion [10, 11] in such convex geometry may also prove sufficiently accurate in the diffusion regime. Given the availability of numerical means, finding the analytic model of photon diffusion is still imperative and important, as it ultimately is beneficial to calibrating measurement data and improving reconstruction accuracy. What and how accurately such diffusion-based model could predict at the smaller scale of the convex geometry for applications such as endo-rectal imaging is especially interesting.
In this work the photon diffusion is analyzed in both external and internal imaging geometries, in which the medium being interrogated is bounded either externally or internally by an infinitely long circular cylindrical applicator. These two geometries resemble imaging the breast using a ring-shaped applicator and imaging the prostate using an endo-rectal probe, respectively. These studies are conducted initially for steady-state photon diffusion only, which is nonetheless adequate in terms of assessing the effect of the cylindrical interface on photon fluence rate when compared with a semi-infinite boundary. The initial works are to be presented in two papers. In this the first part, the Green's function of the photon diffusion equation in an infinite medium geometry is first expanded in cylindrical coordinates to a closed form expressed by modified Bessel functions. Then the extrapolated boundary condition is employed to apply the imagesource method to the geometries of a "concave" cylindrical applicator and a "convex" cylindrical applicator, respectively. The analytic solutions are then simplified to a format, valid for large cylinder diameters, that includes the physical source and its image source with respect to the associated semi-infinite geometry and a radius-dependent term to account for the shape and dimension of the cylinder. The simplified format reveals that, as the radius of the cylinder increases, the analytic solution of the photon diffusion for it approaches the well-known semi-infinite result. The analytic solutions and their simplified formats are then evaluated numerically for two specific geometries, one having the source and the detector on the surface positioned only along the azimuthal direction and the other along the longitudinal direction. Placing the source-detector either azimuthally or longitudinally demonstrates explicitly the effect of the applicator curvature, either concave or convex, and the radius of the applicator curvature on the decay of photon fluence rate as a function of the source-detector distance in comparison with that in the semi-infinite geometry. As the radius of the cylindrical applicator increases, the numerically evaluated photon diffusion for it asymptotically approaches that for a semi-infinite geometry, as expected. The features of steady-state photon diffusion for cylindrical concave and convex applicators analyzed theoretically and evaluated qualitatively in this first part will be examined quantitatively in the second part. The study may also be extended to time-resolved analysis in the future.
ANALYTIC APPROACH AND GEOMETRIES EXAMINED
A. Steady-State Photon Diffusion in an Infinite Medium:
Solution in Cylindrical Coordinates
The steady-state photon diffusion equation is expressed by [2] [3] [4] [5] [6] 
where ⌿ is the photon fluence rate at position r ជ, a is the absorption coefficient, D = ͓3͑ a + s Ј͔͒ −1 is the diffusion coefficient with s Ј being the reduced scattering coefficient, and S is the source. Considering a source at r ជЈ of ͑Ј , Ј , zЈ͒ and a detector at r ជ of ͑ , , z͒ in cylindrical coordinates, the equation for the Green's function of Eq. (2.1.1) is
͑2.1.2͒
where k 0 = ͱ a / D is the effective attenuation coefficient.
where the delta functions for and z can be written in terms of inverse Fourier series and inverse Fourier transform, respectively, by
͑2.1.4͒
and 
͑2.1.6͒
The Green's function can be expanded to a form similar to the right-hand side of Eq. (2. 
͑2.1.8͒
We define
͑2.1.10͒
Solutions to the Helmholtz Eq. (2.1.10) can be derived by following Jackson's approach of solving Poisson's equation [13] and using the asymptotic approximations of modified Bessel functions [14] . The solution details are given in Appendix A. With the solution for g m ͑k , , Ј͒, we have
where Ͻ and Ͼ indicate the smaller and larger radial coordinates of the source and the detector, and
Convolving the Green's function with the source term in Eq. (2.1.1) and assuming a point source renders the cylindrical-coordinate solution to the steady-state photon diffusion in an infinite homogeneous medium as 
where A = ͑1+R eff ͒ / ͑1−R eff ͒ and R eff is the effective reflection coefficient [3] representing the percentage of the outgoing radiance integrated over all directions pointing toward the ambient medium that is converted to incoming radiance integrated over all directions pointing toward the scattering medium [15] . The Type III boundary condition (2.3.1), which is evaluated on the physical boundary, can be surrogated by an almost equally accurate but more convenient approach by use of a Type I boundary condition that is being evaluated on an "imaginary" boundary. The "imaginary" boundary, referred to as the "extrapolated" boundary [5, 6] , is located 2AD from the physical boundary and away from the medium. It is with respect to this extrapolated boundary that the negative "image" [16] of the source is introduced to set zero the fluence rate on this boundary. We follow the notations introduced by Fantini et al. [2] for the semi-infinite geometry having a directional source and an isotropic detector located on a planar boundary, as illustrated in Fig. 1(a) . The directional source is modeled as an isotropic source placed one reduced scattering distance into the medium. Then, based on the extrapolated boundary approach, the steady-state photon fluence rate reaching the detector located on the physical boundary is determined by the equivalent "real" isotropic source and its image source with respect to the extrapolated boundary in spherical coordinates as
͑2.3.2͒ where
l real = ͱd 2 + R a 2 , R a = 1/ s Ј; ͑2.3.3͒ l imag = ͱd 2 + ͑2R b + R a ͒ 2 , R b = 2AD.
͑2.3.4͒
The 
which is the model-basis for calibrating in a semi-infinite homogeneous medium.
D. Cylindrical Interface Geometries Being Investigated in this Study
In this work, the "concave" geometry is defined as having the diffusive medium enclosed by an infinitely long cylindrical applicator, and the "convex" geometry as having the diffusive medium enclosing an infinitely long cylindrical applicator. The physical directional source is always modeled as an isotropic source placed one reduced scattering distance into the medium, as shown in Fig. 1(b) . Usually, the extrapolated boundary condition is applicable when a diffusive medium bonds with a non-scattering region-a valid representation of either an external-imaging or an internal-imaging optical applicator. Since the distance of the extrapolated boundary from the physical boundary, R b =2AD as in the semi-infinite geometry, is derived from the general expression of the boundary condition in Eq. (2.3.1), this distance will be considered as geometryindependent; therefore in the concave or convex geometry the extrapolated boundary will also be located at a radial distance R b =2AD from the physical boundary and away from the diffusive medium. Obviously, as the radius reaches infinity both concave and convex geometries approach the semi-infinite geometry. This feature serves as both the qualitative and quantitative measure of the analytic solutions derived for the concave and convex probe geometries.
STEADY-STATE PHOTON DIFFUSION ASSOCIATED WITH CONCAVE OR CONVEX INFINITE CYLINDRICAL APPLICATOR
This section derives the cylindrical-coordinate solutions to steady-state photon diffusion in the concave and convex cylinder geometries. The same analytic principles apply to both the concave and convex geometries; however, the detailed analytic derivations of the two geometries are separately listed for completeness and for facilitating qualitative comparison between them.
A. External "Concave" Boundary; Analytic Solution
The concave geometry for a medium bounded externally by an infinitely long circular cylindrical applicator with The concave geometry and the "semi-infinite" image source that is the image source of the isotropic source with respect to a planar boundary tangential to the concave boundary at the location of the physical source. The convex boundary represents that of a cylindrical applicator enclosed by the diffuse medium (e.g., imaging the prostate by a trans-rectal probe), and the concave boundary represents that of a cylindrical applicator enclosing the diffuse medium (e.g., imaging the breast by a ring probe).
radius R 0 is illustrated in Fig. 2(a) . The physical source is located at ͑R 0 , Ј , zЈ͒ and the detector is located at ͑R 0 , , z͒, both on the physical boundary.
Photon Diffusion under the Extrapolated Boundary Condition
As shown in Fig. 2 (a), the equivalent "real" isotropic source must be located at ͑R 0 − R a , Ј , zЈ͒ based on the symmetry of the geometry, and the extrapolated boundary will be located at a radial distance of R b =2AD outside the physical boundary. Based on the symmetry of the geometry, the image source of the "real" isotropic source with respect to the extrapolated boundary must also be located along the radial direction of the "real" isotropic or the physical source. This image source and the "real" isotropic source collectively set zero the photon fluence rate on the extrapolated boundary. Based on Eq. (2.1.13), the photon fluence rate associated with the "real" isotropic source and evaluated on the extrapolated boundary, for which the source is located at rϽ = R 0 − R a and the detector is located at rϾ = R 0 + R b , is
where the notation " left ͉ right " indicates evaluating the "left" as a source on the "right" as a boundary. Similarly, the photon fluence rate associated with the image source and evaluated on the extrapolated boundary for which the source is located at an unknown or yet-to-decide iϾ but the detector is located at iϽ = R 0 + R b , is
In Eq. (3.1.2), the S m * terms are also unknown or yet-todecide, besides iϾ . Based on the essential concept of "image-source" [16, 18] , the two unknown terms S m * and iϾ associated with the mth order "image" source (the K m component) can be expressed by a single unknown term of S m associated with the same-order "real" source (the I m component); that is,
͑3.1.3͒
Applying Eq. (3.1.3) to the extrapolated boundary condition of ͉⌿ real ͉ extr − ͉⌿ imag ͉ extr = 0, we have
Now for the "real" isotropic source but evaluated at the physical boundary, the source is still located at rϽ = R 0 − R a , but the detector is located at rϾ = R 0 . For the "image" source, also evaluated at the physical boundary, the detector is located at iϽ = R 0 , and the source terms are known through Eqs. (3.1.3) and (3.1.4). Collectively the photon fluence rate sensed by a detector at the physical boundary becomes
͑3.1.5͒

Concave Geometry with a Large Cylinder Diameter:
Approaching the Semi-infinite Geometry As shown in Fig. 2(b) , if a plane tangential to the cylinder at the physical source position is considered an imaginary semi-infinite planar boundary, then the "real" isotropic source in this semi-infinite geometry is still located at ͑R 0 − R a , Ј , zЈ͒, but the image source of the "real" isotropic source with respect to this semi-infinite boundary will be at ͑R 0 + R a +2R b , Ј , zЈ͒. According to Eq. (2.1.13) the photon fluence rate sensed by a detector on the cylinder boundary due to the image source of the "real" isotropic source associated with the semi-infinite boundary is
The photon fluence rate sensed by a detector on the cylinder boundary due to the image source of the "real" isotropic source associated with the cylinder boundary as seen in Eq. (3.1.5) can be rewritten to
where
͑3.1.8͒
If the cylinder diameter is sufficiently large, the modified Bessel functions in Eq. (3.1.8) can be simplified by their asymptotic expressions [14] ; then Eq. (3.1.8) becomes
Substituting Eq. (3.1.9) into Eq. (3.1.7) and comparing with Eq. (3.1.6) we have
͑3.1.10͒
Hence, for the cylinder of sufficiently large diameter, Eq. (3.1.5) approximates to
As R 0 → ϱ, the ͉⌿ real ͉ phys of Eq. (3.1.11) essentially be- 2) because the detector located at ͑R 0 , , z͒ reaches the imaginary semi-infinite boundary. This agrees with the physical aspect that an infinitely long concave cylindrical boundary becomes a semi-infinite boundary as the radius of the cylinder becomes infinity. By using the spherical-coordinate expression of the photon fluence rate given in Eq. (2.2.1), we can rewrite Eq. (3.1.11) as
͑3.1.12͒
B. Internal "Convex" Boundary; Analytic Solution
The convex geometry for a medium bounded internally by an infinitely long circular cylindrical applicator with radius R 0 is illustrated in Fig. 3(a) . The physical source is located at ͑R 0 , Ј , zЈ͒ and the detector is located at ͑R 0 , , z͒, both on the physical boundary.
Photon Diffusion under the Extrapolated Boundary Condition
As shown in Fig. 3(a) , the equivalent "real" isotropic source must be located at ͑R 0 + R a , Ј , zЈ͒ based on the symmetry of the geometry, and the extrapolated boundary will be located at a radial distance R b =2AD inside the physical boundary. Based on the symmetry of the geometry, the image source of the "real" isotropic source with respect to the extrapolated boundary must also be located along the radial direction of the "real" isotropic or the physical source. This image source and the "real" isotropic source collectively set zero the photon fluence rate on the extrapolated boundary. On the basis of Eq. (2.1.13), the photon fluence rate associated with the "real" isotropic source and evaluated on the extrapolated boundary, for which the source is located at rϽ = R 0 − R b and the detector is located at rϾ = R 0 + R a , is
͑3.2.1͒
where we use the same notation " left ͉ right " as in Eq. (3.1.1). Similarly, the photon fluence rate associated with the image source and evaluated on the extrapolated boundary, for which the source is located at an unknown or yet-to-decide iϽ but the detector is located at iϾ = R 0 − R b , is The convex geometry and the "semi-infinite" image source that is the image source of the isotropic source with respect to a planar boundary tangential to the concave boundary at the location of the physical source.
In Eq. (3.2.2), the S m * terms are also unknown or yet-todecide, besides iϽ . Following the approach of [16, 18] 
Now for the "real" isotropic source but evaluated at the physical boundary, the source is still located at rϾ = R 0 + R a , but the detector is located at rϽ = R 0 . For the "image" source also evaluated at the physical boundary, the detector is located at iϾ = R 0 , and the source terms are known through Eqs. (3.2.3) and (3.2.4). Collectively the photon fluence rate sensed by a detector at the physical boundary becomes
͑3.2.5͒
Convex Geometry with a Large Cylinder Diameter:
Approaching the Semi-infinite Geometry As shown in Fig. 3(b) , if a plane tangential to the cylinder at the physical source position is considered an imaginary semi-infinite planar boundary, then the "real" isotropic source in this semi-infinite geometry is still located at ͑R 0 + R a , Ј , zЈ͒, but the "image" source of the "real" isotropic source with respect to this semi-infinite boundary will be at ͑R 0 − R a −2R b , Ј , zЈ͒. According to Eq. (2.1.13) the photon fluence rate sensed by a detector on the cylinder boundary due to the image source of the "real" isotropic source associated with the semi-infinite boundary is
The photon fluence rate sensed by a detector on the cylinder boundary due to the image source of the "real" isotropic source associated with the cylinder boundary, as seen in Eq. (3.2.5), can be rewritten to
͑3.2.7͒
͑3.2.8͒
If the cylinder diameter is sufficiently large, the modified Bessel functions in Eq. (3.2.8) can be simplified by their asymptotic expressions [14] ; then Eq. (3.2.8) becomes 
͑3.2.10͒
Hence, for the cylinder of sufficiently large diameter, Eq. (3.2.5) approximates to
͑3.2.11͒
As R 0 → ϱ, the ͉⌿ real ͉ phys of Eq. (3.2.11) essentially be-
and the ͉⌿ imag semi ͉ phys of Eq. (3.2.11) becomes the ⌿ imag in Eq. (2.3.2) because the detector located at ͑R 0 , , z͒ reaches the imaginary semi-infinite boundary. This agrees with the physical aspect that an infinitely long convex cylindrical boundary becomes a semi-infinite boundary as the radius of the cylinder becomes infinity. By using the spherical coordinate expression of the photon fluence rate given in Eq. (2.2.1), we can rewrite Eq. 
͑3.2.12͒
C. Summary of the Solutions in Cylindrical Coordinates
In cylindrical coordinates, the steady-state photon fluence rate in an infinite homogeneous medium is
͑3.3.1͒
The steady-state photon fluence rate in a concave geometry imposed by an infinitely long circular cylindrical applicator for interrogating the medium internal to the applicator (e.g., breast imaging) is
͑3.3.2conC͒
where "conC" stands for "concave" and "conV" for "convex" (below). The steady-state photon fluence rate in a convex geometry imposed by an infinitely long circular cylindrical applicator for interrogating the medium external to the applicator (e.g., prostate imaging) is
͑3.3.2conV͒
If the concave or convex geometry has a large radial dimension, the photon fluence rate expressed by Eqs. (3.3.2conC and 3.3.2conV) can be approximated to
͑3.3.3conV͒
where l r is defined as the distance from the detector to the "real" isotropic source and l i as the distance from the detector to the image source of the "real" isotropic source associated with the semi-infinite geometry that is tangential to the concave or convex geometry on the physical source point.
STEADY-STATE PHOTON DIFFUSION IN THE INFINITE GEOMETRY: NUMERICAL VERIFICATION OF THE CYLINDRICAL-COORDINATE SOLUTION
This section validates the cylindrical-coordinate solution (2.1.13) of the steady-state photon diffusion in a homogeneous infinite medium, since Eq. (2.1.13) sets the foundation for the analytic derivations thereafter. As evaluating entities like Eq. (2.1.13) involves half-sided integration and summation to infinity, the numerical approaches must provide sufficient accuracy within the framework imposed by the precision of the computer and the algorithm arithmetic.
For an infinite medium it is practical to define a source point arbitrarily at (0,0,0) and a field point at ͑ ,0,0͒. Then the spherical-coordinate solution (2.2.1) can be rewritten as
where d is the source-detector distance. Equation ( 
The adaptive Gauss-Kronrod quadrature in MATLAB (Mathworks Inc, Natick, Massachusetts) is used to calculate the integrations in Eq. (4.2) as well as all the integrations appearing later. To effectively implement the integration and the infinite-summation terms in Eq. (4.2), it is necessary to evaluate the range for the integration or the summation to be executed. Based on the asymptotic expression of the modified Bessel functions for large argument [14] , we have that for sufficiently large k, hence large k eff ,
which asymptotically and quasi-exponentially reaches zero as k increases. Therefore for a given accuracy Eq. (4.2) can be numerically implemented with an upper limit of k, because it also sets the upper limit of the integration. The contributions of higher k to the integration in Eq. 1) . The difference of setting the upper limit of k at 50 or 100 is indistinguishable for a source-detector distance greater than 1 mm, at the scale shown. The integration in Eq. (4.2) is therefore executed for k = 50, as the source-detector distance practically is much greater than 1 mm.
To evaluate the choice of m, we first check the following terms in Eq. (4.2) and denote them ⍀:
͑4.4͒
In Eq. 
STEADY-STATE PHOTON DIFFUSION IN THE "CONCAVE" AND "CONVEX" GEOMETRIES: NUMERICAL EVALUATION OF THE CYLINDRICAL-COORDINATE SOLUTIONS
This section numerically evaluates the general solutions in Eq. (3.3.2) for geometries having smaller cylinder radius and their approximations in Eq. (3.3.3) for geometries having very large cylinder radius. These evaluations, for simplicity, are limited to two cases: (1) the source and detector are located at the same azimuth plane; (2) the source and detector are located longitudinally with the same azimuthal angle. The results will indicate how the circular boundary affects the photon fluence rate with respect to a semi-infinite boundary, and justify qualitatively these analytic solutions and their approximations.
A. Specific Geometry: Source and Detector Located at the Same Azimuth Plane
The geometries shown in Fig. 5 are chosen to study the effect of concave or convex boundary shape on photon diffusion for the source and detector located at the same azimuth plane. Then the "chord" distance between the source and the detector is considered in a range from 0.5 cm (assuring diffusion treatment) to 2R 0 for optical properties set at a = 0.01 cm −1 , s Ј=10 cm −1 , A = 1, and S = 1 (these parameters are used throughout the rest of the studies).
Numerical Approaches
In this case, both the source and detector are on the same azimuthal plane, that is z = zЈ; therefore Eqs. (3.3.2conC and 3.3.2conV)can be rewritten as
͑5.1.1conV͒
For large k, hence large k eff , the integrands of Eqs. 
It is again noted that as k eff becomes sufficiently large both Eqs. (5.1.2conC and 5.1.2conV) asymptotically and quasi-exponentially approach zero. Therefore in Eqs.
(5.1.1conC and 5.1.1conV) the contribution of the integrands associated with k greater than a certain limit can be neglected. However, according to the IEEE standard for floating-point arithmetic [19] , there is a limit for the largest number and the smallest number to be stored. In MATLAB the criterion [20] for overflow is 1.7977ϫ 10 308 in decimal, and for underflow is 2.2251ϫ 10
. In Eqs. (5.1.1conC and 5.1.1conV), the modified Bessel functions of the first and second kinds are exponentially growing and decaying functions, for which overflow will readily occur for a large order m and underflow for a large argument k. To evaluate source and detector at the same azimuthal plane a larger order of m is necessary, and to evaluate the source and detector located longitudinally with the same azimuthal angle a large argument k also becomes crucial. In both Eqs. (5.1.1conC and 5.1.1conV), since all the modified Bessel functions of the first and second kinds appear in pairs in the same order when multiplying with each other, a strategy of "pre-enlarge" and "pre-reduce" is implemented to ease the numerical manipulation. The principle is that instead of evaluating each modified Bessel function individually, the modified Bessel function of the first kind can be "pre-reduced" for large order m and the modified Bessel function of the second kind can be "pre-enlarged" by the same degree, by which the product of each pair will remain unchanged. The outcome of this pre-enlarge and pre-reduce manipulation is demonstrated in Fig. 6(a) for a convex boundary of R 0 = 2 cm, d changing from 0.1 cm to 4 cm, k cutoff at 70, a = 0.01 cm −1 , s Ј=10 cm −1 , A = 1, and S = 1. The m is summed from 0 to 150 (the dotted curve with ripples), which was the limit to avoid overflow and underflow without applying the pre-enlarge and pre-reduce approach. After pre-enlarge and pre-reduce, the summation can be made for m up to 500. Figure 6(a) indicates that this method of pre-enlarge and pre-reduce enables summing modified Bessel functions up to a large order of m by eliminating the ripples or noise seen when no such manipulation is employed.
Additionally, it is also found for Eqs. (5.1.1conC and 5.1.1conV) that the radius R 0 has a great effect on the evaluation outcome. For instance, when R 0 is as large as 8 cm in Eq. (5.1.1conC), for k = 40, the integration does not converge sufficiently even for summing m up to 500 [the optical parameters are the same as used for Fig. 6(a) ], but for a smaller radius R 0 = 1 cm the same integrand converges quickly at m = 100. A method of "repeated averaging" is thus employed to improve the convergence. The principle is to first examine if there is an oscillating pattern. If there is, the envelope of the maxima and minima of the oscillation is implemented to form a finite converging alternative series, and the last maxima and minima are averaged to become the value of the integrand. If an oscillating pattern is not formed, the last result is chosen as the value of the integrand. The results of applying such "repeated averaging" when evaluating Eq. (5.1.1conC) are shown in Fig. 6(b) , in which m is summed up to 540 for R 0 = 8 cm.
Based on these specific approaches of improving the outcome of numerical evaluations, the upper limits of k and m are evaluated individually for each set of computations conducted. For example, at a parameter setting of m terms up to 150, the effects of a finite k cutoff value when evaluating Eq. (5.1.1) are shown in Fig. 7(a) for the concave boundary and Fig. 7(b) for the convex boundary. The difference between integrating k from 0 to 50 and from 0 to 100 is indistinguishable at the given scale, for both con- cave and convex boundaries. Therefore the cutoff value for k is set at 50 for this set of evaluations.
Numerical Evaluation of the General Solutions for a Cylinder Applicator of Radius up to 10 Cm
The general solutions (5.1.1conC and 5.1.1conV) are evaluated numerically with respect to a semi-infinite geometry in Fig. 8(a) . The radius R 0 is chosen as 0.5, 1, 2, 5, and 10 cm. The figure is plotted for ln͑⌿d 2 ͒ versus d as this is the linear relationship implied by Eq. (2.3.5) of semi-infinite geometry. It is noted again that d is assigned as the chord distance between the physical source and the detector points on the circular boundary. Therefore the maximum d for a radius of 0.5 cm is 1 cm, of 1 cm is 2 cm, etc., and d is set to change from 0.1 to 4 cm for the remaining radii. On the azimuthal plane, the photon fluence rate associated with a given source-detector distance in a concave geometry is greater than that in a planar geometry for the same source-detector distance, and in a convex geometry it is smaller than that in a planar geometry. The overall qualitative feature, as anticipated, is that as the radius of the cylinder geometry increases, the photon fluence rate for the concave and convex boundaries asymptotically approaches that for a semi-infinite boundary.
Numerical Evaluation of the Solutions Approximated for a Cylindrical Applicator of Very Large Radius
For the azimuthal geometry with large cylinder diameter, the distance terms in Eqs. (3.3.3conC and 3.3.3conV) can be expressed by
for concave boundary, and
for convex boundary. The comparison of the two azimuthal geometries with respect to the semi-infinite geometry is given in Fig. 8(b) , where the radius R 0 is chosen as 500, 600, 800, 1000, and 2000 cm. The results are shown only for d from 2.2 to 4 cm to illustrate that both the concave and convex boundary asymptotically approach the "linear" feature of the planar boundary for ln͑d 2 ͒ and d, but with radius-dependent differences in the slope and potentially in the intersection, both of which clearly will vanish as the radius becomes infinity.
B. Specific Geometry: Source and Detector Located Longitudinally with the Same Azimuthal Angle
The geometries shown in Fig. 9 are chosen to study the effect of concave or convex shape on photon diffusion for the source and detector located longitudinally with the same azimuth angle.
Numerical Approaches
For = Ј, we rewrite Eqs. (3.3.2conC and 3.3.2conV) as
͑5.2.1conV͒
The previous analysis given for numerical evaluation of Eqs. (5.1.2conC and 5.1.2conV) still holds here; therefore the contribution due to large k, hence large k eff , is neglected.
The numerical manipulation methods of pre-enlarge and pre-reduce as well as repeated averaging discussed in Subsection 5.A are also applied here. The settings of k values are shown in Fig. 10(a) for concave boundary and Fig. 10(b) for convex boundary, where the parameters used are R 0 = 1 cm with d ranging from 0.5 cm to 2 cm and m summing from 0 to 100. It is observed that the plots for k cutoff at 100 and 200 are indistinguishable at the given scale. For this set of computations the upper limit for k is then set at 100. This upper limit of k is higher than that used for evaluating the azimuthal plane. It is also found that the upper limit for m can be chosen much lower than that used for evaluating the azimuthal plane. Again the upper limits of k and m are evaluated individually for each set of computations.
Numerical Evaluation of the General Solutions for a Cylindrical Applicator of Radius up to 6 Cm
The general solutions (5.2.1conC and 5.2.1conV) are evaluated numerically with respect to semi-infinite geometry in Fig. 11(a) . The radius R 0 is chosen as 1, 2, 3, and 6 cm. The figure is again plotted for ln͑⌿d 2 ͒ versus d, as it is the linear relationship implied by Eq. (2.3.5) for a semi-infinite geometry, and d is the longitudinal distance between the physical source and the detector points on the circular boundary. The d in this geometry is not limited in range, but a range from 0.1 to 4 cm is chosen for comparison with the azimuthal geometry of Fig. 8 . Along the longitudinal direction, the photon fluence rate associated with a given source-detector distance in a concave geometry is smaller than that in a planar geometry for the same source-detector distance, and in a convex geometry it is greater than that in a planar geometry. The overall qualitative feature, as anticipated, is that as the radius of the cylinder geometry increases, the photon fluence rate for the concave and convex boundaries asymptotically approaches that for a semi-infinite geometry.
Numerical Evaluation of the Solutions for a Cylinder Applicator of Very Large Radius
For the longitudinal geometry with larger cylinder diameter, the distance terms in Eqs. (3.3.3conC and 3.3.3conV) can be expressed by
͑5.2.3͒
for both concave and convex geometries. The comparison of the two longitudinal geometries with respect to the semi-infinite geometry is given in Fig. 11(b) with the rest of the parameters the same as in Fig. 8(b) . Again, both the concave and convex geometry asymptotically approach the "linear" feature of the planar boundary for ln͑⌿d 2 ͒ and d, but with radius-dependent differences in the slope and potentially in the intersection, both of which clearly will vanish as the radius becomes infinity.
Finally in terms of the computation time, for each single curve in Fig. 8 or Fig. 11 that includes on average 300 data points, it takes approximately 5 min to formulate on a 2.8 GHz CPU with 1.0 GB of memory.
DISCUSSION
The solution to photon diffusion in an infinite homogeneous medium derived in cylindrical coordinates likely will involve two Bessel functions. The solution could have different expressions, depending on the type (normal or modified, the first kind, or the second kind) of Bessel functions used and the way these functions are integrated into the solution. In Eq. (3.3.1), we have expressed the solution using the modified Bessel functions. The integration part of Eq. (3.3.1) is identical to that of the solution to the Poisson equation in cylindrical coordinates given in [13] , except that the argument contains k eff instead of k as in [13] . This solution may be advantageous as it demonstrates clearly the different roles of the source and the field points in the solution by differentiating the radial coordinates of the source and field points into the arguments specific to different kinds of the modified Bessel functions, such that both of the modified Bessel functions will become valid in the geometry of interest.
Applying the solution in Eq. (3.3.1) leads to physically explicit interpretation in the two equations of (3.3.2) for a medium involving an external or internal cylindrical boundary. These equations in (3.3.2) are composed of two parts in the curly brackets: the first part is associated with the "real" isotropic source, and the second part is the contribution of the "image" source term that is represented by the "real" source term scaled by a factor. The scaling factor is related to the radius of the cylinder and the reflective index mismatch of the cylinder-medium interface that determines where the extrapolated boundary will be placed. The equations in (3.3.3), which are derived for large-radius concave and convex boundaries, are given in a format similar to that for semi-infinite geometry but with a shape-curvature-associated term that approaches unity as the radius of the cylinder approaches infinity.
The numerical evaluations in Section 5 demonstrate the qualitative correctness of the analytic solutions in Eqs. (3.3.2) for the two circular cylindrical geometries, within the limits of the current computer arithmetic. It is clearly shown that the solutions given in the two Eqs. (3.3.2) asymptotically approach the semi-infinite medium solution as the applicator radius reaches infinity. For the specific case of having the source and detector located azimuthally on the same axial plane, the photon fluence rate is greater than the semi-infinite geometry for the concave boundary and smaller for the convex boundary given the same source-detector distance. This can be explained by noting that, for the same source-detector distance, more near-field photons from the source could scatter and reach the detector in the concave geometry than in the semiinfinite geometry, but in the convex geometry they do the opposite. For the specific case of having the source and detector located longitudinally on the same azimuthal angle, the photon fluence rate is smaller than the semiinfinite geometry for the concave boundary and greater for the convex boundary given the same source-detector distance. This again can be explained by noting that, for the same source-detector distance, fewer near-field photons from the source could scatter and reach the detector in the concave geometry than in the semi-infinite geometry, but in the convex geometry the opposite is true.
CONCLUSIONS
The steady-state photon diffusion in a homogeneous medium bounded externally or internally by an infinitely long circular cylindrical applicator has been analyzed. The geometry of a diffusive medium bounded externally by a cylindrical applicator resembles that of imaging externally accessible biological tissue such as the breast using a ring-type array. The geometry of a diffusive medium bounded internally by a cylindrical applicator resembles that of imaging internally accessible biological tissue such as the prostate using a trans-rectal probe. Solutions to steady-state photon diffusion in these two geometries are derived in cylindrical coordinates by applying the extrapolated boundary condition and are expressed in modified Bessel functions of the first and second kinds. Approximate solutions for large cylinder radius are also derived in the format close to that for semi-infinite geometry by including a shape-radius-associated term. Numerical evaluations are provided for the cases of having the source and the detector positioned only along the azimuthal or longitudinal directions. The results demonstrate that compared with a semi-infinite boundary, the concave boundary has smaller photon fluence decay in the azimuth direction but greater photon fluence decay along the longitudinal direction compared with a semi-infinite geometry having the same source-detector distance. On the other hand, the convex boundary has greater photon fluence decay in the azimuth direction but smaller photon fluence decay along the longitudinal direction. As the radius of the concave or convex circular applicator becomes infinitely large, the results for these specific geometries reach the well-known condition for a semi-infinite medium, as expected. This theory and "qualitative" numerical evaluation constitute the first part of this work, which will be quantitatively examined in the second part and potentially extended to time-resolved analysis in future studies. 
